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 The application of stochastic programming to electricity market problems
usually involves the solution of large scale mixed integer nonlinear 
optimization problems that can't be tackled with the available general purpose 
commercial optimisation software.

 Proximal bundle methods was used in the past to solve deterministic unit 
commitment problems.

 Electricity market problems considering several sources of uncertainty 
(renewable generation + spot prices in several markets) can have a large 
number of scenarios.

 In this work, a parallel implementation of the proximal bundle method 
(PPBM), has been developed to solve real instances of stochastic optimal bid 
problems to electricity markets (with embedded unit commitment) with 
thousands of scenarios.

 PPBM is compared against general purpose commercial optimization software 
(CPLEX) as well as against the Perspective Cuts Method (PCM).

Introduction and motivation
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 The Optimal Multimarket Electricity Bidmodel  ܤܧܯܱ is a multistage 
stochastic programming model developed in [1] with the following 
characteristics:

– It considers a price‐taker generation company (GenCo) owning a set 
of thermal generation units ट with startup, shutdown and quadratic 
generation costs together with ramp and generation limits, as well as 
minimum on/off time.

– Each generation unit ݅ ∈ ࣯ can participate in the day‐ahead, reserve
and intraday electricity markets of the Iberian Electricity Market
(IEM) (DAM, RM and IM resp.).

– There is a set of Bilateral and Futures Contracts (BFC) that has to be 
covered by the  generation units ࣯ accordingly with the market rules.

Optimal Multimarket Electricity Bid Model (1/4)

[1] Cristina Corchero, F.-Javier Heredia, Eugenio Mijangos, "Efficient Solution of Optimal Multimarket 
Electricity Bid Models", 8th International Conference on the European Energy Market (EEM11), 
Zagreb, Croatia, Institute of Electrical and Electronics Engineers doi: 10.1109/EEM.2011.5953017
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ܤܧܯܱ

max ࢌ ݃, ,݌ ,݉,ݎ ,ݑ ܿ௨, ܿௗ

s.t.:
ܾ ∈ ௧ܲ௝

஼ ݆ ∈ ऍ, ݐ ∈ ञ 1

,ݑ ܿ௨, ܿௗ ∈ ௧ܲ௜
௎஼ ݐ ∈ ञ, ݅ ∈ ट 2

ܾ, ,ݍ ݃, ,݌ ,݉,ݎ ݑ ∈ ௧ܲ௜
ாெೞ

ݏ ∈ झ, ݐ ∈ ञ, ݅ ∈ ट 3
݃, ݎ ∈ ௧ܲ௜

ே஺ ݐ ∈ ञ, ݅ ∈ ट 4

model, objective funtion and sets.

where:

 ࢌ ൉ is the expected value of the total profit obtained by the GenCo.

 ऍ is the total number of contracts, bilateral and futures.

 ञ ൌ ሼ1,2, … , 24ሽ is the set of time periods.

 ट is the set of thermal generation units.

 झ is the set of scenarios for the electricity markets prices (DAM, RM, IM):

௦ߣ ൌ ଵߣ
஽஺ெ,௦, … , ଶସߣ

஽஺ெ,௦, ଵߣ
ோெ,௦, … , ଶସߣ

ோெ,௦, ଵߣ
ூெ,௦, … , ଶସߣ

ூெ,௦ , ݏ ∈ ࣭
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ܤܧܯܱ

max ݂ ݃, ,݌ ,݉,ݎ ,࢛ ,࢛ࢉ ࢊࢉ

s.t.:
࢈ ∈ ௧ܲ௝

஼ ݆ ∈ ࣝ, ݐ ∈ ࣮ 1

,࢛ ,࢛ࢉ ࢊࢉ ∈ ௧ܲ௜
௎஼ ݐ ∈ ࣮, ݅ ∈ ࣯ 2

,࢈ ,ࢗ ݃, ,݌ ,݉,ݎ ࢛ ∈ ௧ܲ௜
ாெೞ

ݏ ∈ ࣭, ݐ ∈ ࣮, ݅ ∈ ࣯ 3
݃, ݎ ∈ ௧ܲ௜

ே஺ ݐ ∈ ࣮, ݅ ∈ ࣯ 4

, first stage variables

the first stage variables are, for every unit ࢏ ∈ ट and period ࢚ ∈ ञ:

 ࢏࢚࢐࢈ is the scheduled energy for contract ࢐ ∈ ऍ [MWh] (continuous).

 ࢏࢚ࢗ are the energy of the price‐accepting bid to the day‐ahead market [MWh] 
(continuous).

 ࢏࢚࢛ are the unit commitment variables (binary).

 ࢏࢚ࢉ
࢛ and ࢏࢚ࢉ

ࢊ are the startup and shutdown cost variables (continuous).
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ܤܧܯܱ

max ݂ ,ࢍ ,࢖ ,࢓,࢘ ,ݑ ܿ௨, ܿௗ

s.t.:
ܾ ∈ ௧ܲ௝

஼ ݆ ∈ ࣝ, ݐ ∈ ࣮ 1

,ݑ ܿ௨, ܿௗ ∈ ௧ܲ௜
௎஼ ݐ ∈ ࣮, ݅ ∈ ࣯ 2

ܾ, ,ݍ ,ࢍ ,࢖ ,࢓,࢘ ݑ ∈ ௧ܲ௜
ாெ࢙

࢙ ∈ झ, ݐ ∈ ࣮, ݅ ∈ ࣯ 3
,ࢍ ࢘ ∈ ௧ܲ௜

ே஺ ݐ ∈ ࣮, ݅ ∈ ࣯ 4

, wait and see variables

the wait and see variables are, for ݅ ∈ ࣯ ݐ , ∈ ࣮ and scenario ࢙ ∈ झ:

 ࢏࢚ࢍ
࢙ is the total output [MWh] of the generation unit ݅ at time period ݐ

(continuous).

 ࢏࢚࢖
࢙ is the matched energy [MWh] in the day‐ahead market (continuous).

 ࢏࢚࢘
࢙ is the decision variable for the bid to the reserve market (binary).

 ࢏࢚࢓
࢙ is the matched energy [MWh] in the intraday market (continuous).
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ܤܧܯܱ

max ݂ ݃, ,݌ ,݉,ݎ ,ݑ ܿ௨, ܿௗ

s.t.:
ܾ ∈ ௧ܲ௝

஼ ݆ ∈ ࣝ, ݐ ∈ ࣮ ૚

,ݑ ܿ௨, ܿௗ ∈ ௧ܲ௜
௎஼ ݐ ∈ ࣮, ݅ ∈ ࣯ ૛

ܾ, ,ݍ ݃, ,݌ ,݉,ݎ ݑ ∈ ௧ܲ௜
ாெೞ

ݏ ∈ ࣭, ݐ ∈ ࣮, ݅ ∈ ࣯ ૜
݃, ݎ ∈ ௧ܲ௜

ே஺ ݐ ∈ ࣮, ݅ ∈ ࣯ ૝

, constraints

with:

 ሺ૚ሻ Bilateral and Future Contracts constraints at time period ݐ.

 ૛ Unit commitment constraints, generation unit ݅, time period ݐ.

 ሺ૜ሻ Electricity market constraints, generation unit ݅, time period ݐ, scenario ݏ.

 ሺ૝ሻ Nonanticipativity constraints, generation unit ݅, time period ݐ.

( ௧ܲ௝
஼ ,  ௧ܲ௜

௎஼,  ௧ܲ௜
ாெೞ

and  ௧ܲ௜
ே஺ are the polyhedrons associated to each set of constraints)
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 ሺܱܤܧܯሻ is a large scale mixed integer quadratic optimization problem.

 The dimensions for the smallest instance solved ( ࣮ ൌ 24,  ࣯ ൌ 10,  ࣭ ൌ 50) 
are :

– ࢙࢔࢕ࢉ࢔ ൎ 8 ࣯ ࣮ ࣭ ൌ 96,000

– ࢚࢔࢕ࢉ࢔
࢘ࢇ࢜ ൎ 3 ࣯ ࣮ ࣭ ൌ ࢔࢏࢈࢔ ,36,000

࢘ࢇ࢜ ൎ ࣯ ࣮ ࣭ ൌ 12,000

 Even for the smallest real case instances general purpose commercial
optimizers (i.e. CPLEX) are unable to find a solution.

solution

[1] Cristina Corchero, F.-Javier Heredia, Eugenio Mijangos, "Efficient Solution of Optimal Multimarket 
Electricity Bid Models", doi: 10.1109/EEM.2011.5953017

 In [1] we successfully solved  ܤܧܯܱ instances with  ࣮ ൌ 24,  ࣯ ൌ 9	and 
ܵ ∈ 25,180 	using the Perspective Cuts Method, an special outer 
approximation to the quadratic objective function built through a set of 
supporting hyperplanes called perspective cuts.

 Adding wind generation will increase  ࣭ →more powerful algorithms needed!!!
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 problem has a nice decomposable structure that can be exploited:

ܤܧܯܱ

max ෍ ௜݂ ݃, ,݌ ,݉,ݎ ,ݑ ܿ௨, ܿௗ

௜∈࣯

s.t.: ࢈࡯࡭ ൌ ࡯ࢊ 1
ܾ௜, ,௜ݍ ݃௜, ,௜݌ ,௜ݎ ݉௜, ,௜ݑ ܿ௜

௨, ܿ௜
ௗ ∈ ࢏ࡼ

ࡰ ݅ ∈ ࣯ 2ሻ	, 3 , ሺ4

– The objective function is separable by generation units.

– ࢈࡯࡭ ൌ ࡯ࢊ are the set of linear constraints that defines the polyhedron  ௧ܲ௝
஼ , 

ݐ ∈ ࣮, ݆ ∈ ࣝ. It  couples all the generation units.

– Constraints  2 , 3 and ሺ4ሻ are also separable by generation units, where
࢏ࡼ
 is the “decoupled” feasible polyhedron involving all the variables relatedࡰ

with generation unit ݅ ∈ ࣯: 

௜ܲ
஽ ൌ ⋂ ௧ܲ௜

௎஼ ∩ ௧ܲ௜
ாெೞ

∩ ௧ܲ௜
ே஺

௧∈࣮,௦∈࣭ , ݅ ∈ ࣯

structure (1/2)
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݅ ൌ 1 ݅ ൌ 2 ⋯ ݅ ൌ ࣯

ሺ࡮ࡱࡹࡻሻ

max ݂ ݔ ൌ ଵ݂ ଵݔ ൅ ଶ݂ ଶݔ ⋯ ൅݂࣯ ݔ ࣯

.ݏ :ݐ

ሼ࡯ࡼ ⋯ ऍ ञ  constraints

૚ࡼ
ࡰ ቊ ݅ ൌ 1

ሺࡻ झ ञ ट ሻ
constraints

૛ࡼ
ࡰ ቊ ݅ ൌ 2

⋮ ⋱ ⋮

ࡼ ࣯
ࡰ ቊ ݅ ൌ ࣯

structure (2/2)

 ࣝ ࣮ ≪ ࣯ ࣭ ࣮

 Let ்ݔ ≝ ்ܾ, ,்்݃ݍ ,்݌ ,்݉,்ݎ ,்ݑ ܿ௨், ܿௗ
்
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 We saw that the real instances of the ܤܧܯܱ problem bring large scale 
mixed‐integer programming problems with nice separability properties 
prone to be exploited through dual decomposition methods.

Proximal Bundle Methods

[2] J. B. Hiriart-Urruty, C. Lemaréchal, Convex Analysis and Minimization Algorithms II – Advanced 
Theory and Bundle Metyhods, Springer-Verlag, 1993.

[3] A. Borghetti, A. Frangioni, F. Lacalandra and C.A Nucci. Lagrangian Heuristics Based on 
Disaggregated Bundle Methods for Hydrothermal Unit Commitment. IEEE Transactions on Power 
Systems, Vol. 1, No. 18 2003.

 Proximal Bundle methods (a class of Bundle Algorithm with Stabilization 
by Penalty [2]) are a special class of bundle or cutting plane method that 
adds a quadratic penalization to the stabilized problem.

 The same algorithm was used in [3] to solve successfully some classes of 
deterministic unit commitment problems.
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 Let  ஽ be the Lagrangian dual of  problem with
respect of the equality contracts constraints ஼ ஼: 

஽ ఒ

 The dual function is separable by generation units:

௜ ௜

௜∈࣯

் ஼

with ௜ ௜ defined through the lagrangean subproblem :࢏

௜ ௜
௫೔∈௉೔

ವ ௜ ௜ ௜ ௜
்

௜
஼

௜

Lagrangian dual of 
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࢐ ௝ ௝ is a 

subgradient over a former
iterate  ௝.

 Let  ௝ ௝
௝ୀଵ,…,ఉ

be the bundle, where:

 Let  ∗ be the best known value of  (proximal or stability center).

Proximal Bundle

ࣜ ൌ ,ଵݏ ݁ଵ , ,ଶݏ ݁ଶ

݁ଶ

Φ ߣ

∗ߣߣ

Φሺߣ∗ሻ

݁ଵ

ଵߣ

ଵݏ
Φሺߣଵሻ

Φሺߣଶሻ
ଶݏ

ଶߣ

࢐ is the linearization error 
of the ‐th cut over ∗:

௝ ௝ ∗

∗ ௝ ௝ ் ∗ ௝
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ܲௌ௉ Feasible region of  ܵܲ

 At every iteration of the PBM the following Stabilization Problem
is solved:

ఒ,௥
∗ ଶ

∗ ௝ ௝ ் ∗ ௝ ௝

Stabilization Problem

ࣜ ൌ ,ଵݏ ݁ଵ , ,ଶݏ ݁ଶ

Φ ߣ

ߣ

Φሺߣ∗ሻ

ݎ

∗ߣ

Ψሺݎ, ሻ∗ߣ

,ݎΨሺߘ ሻ∗ߣ

ሚߣ

ሚߣ ≝ argmin ܵܲ
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Generic PBM
Initializations: ,ଵߣ sଵ, ݁ଵ ൌ 0, ࣜ ← ,ଵݏ ݁ଵ , ,௠௔௫ߚ ∗ߣ ← ଵߣ ;

Do until convergence

Solve ܵܲ : ሚߣ ← argmin Ψ ,ݎ ߣ ,ݎ ߣ ∈ ܲௌ௉ ;

Solve ܲܵܮ ௜∈࣯:

Φ ሚߣ ← ∑ max
௫೔∈௉೔

ವ
௜ܮ ,௜ݔ ࣯∋ሚ௜ߣ , ݏ̃ ∈ ߲Φ ሚߣ , ෤ݔ ← argmax

௫∈௉ವ
ܮ ,ݔ ሚߣ ;

IfΦ ሚߣ ൏ Φ ∗ߣ then ߣ∗ ← ,ሚߣ ݁௝ ← ݁௝ ∗ߣ , ݆ ൌ 1,… , ࣜ , ∗ݔ ← ෤ݔ ;

If ࣜ ൌ ௠௔௫ߚ then eliminate some ,௝ݏ ݁௝ withmax ݁௝;

ࣜ ← ࣜ ∪ ,ݏ̃ ݁̃ ;

End do

If ݔ∗ primal infeasible then ∗ݔ ← argmax ݂ ݔ ݔ ∈ ܲ஼ ∩ ܲ஽, ݑ ൌ ∗ݑ

ைொ஻

;
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 Let’s analyze the two optimization problems to be solved at each iteration:

– Solve ܵܲ 	 min
ఒ,௥

Ψ ,ݎ ߣ ,ݎ ߣ ∈ ܲௌ௉ : a linearly constrained continuous

quadratic problem (݊௖௢௡௧
௩௔௥ ൑ 5096, ݊௖௢௡௦ ൑ 5000).

– Solve ܲܵܮ ௜∈࣯ max
௫೔∈௉೔

ವ
௜ܮ ,௜ݔ ߣ : a family of  ࣯ linearly constrained 

mixed‐integer quadratic problems (݊௖௢௡௧
௩௔௥ ൎ 86,400, ݊௕௜௡

௩௔௥ ൎ 28,800,	
݊௖௢௡௦ ൎ 230,400).

 Computational implementation:

– CPLEX® callable library to solve  ܵܲ and each  ܲܵܮ ௜.

– OpenMP® to parallelize the optimization of the family ܲܵܮ ௜∈࣯.

– Fujitsu RX200 S6 (2 x CPUs Xeon six core ‐ 24 threads total; 96Gb RAM).

PBM applied to problem.
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Computational results: PPBM vs PCM (1/2)

झ ࢚࢔࢕ࢉ࢔
࢘ࢇ࢜ ࢔࢏࢈࢔

࢘ࢇ࢜ ࢙࢔࢕ࢉ࢔ ሻ܋܍ܛሺ	ࡹ࡮ࡼࡼ࢚ ሺsecሻ	ࡹ࡯ࡼ࢚ ࡹ࡮ࡼࡼ࢚ ⁄ࡹ࡯ࡼ࢚ ࡹ࡮ࡼࡼࢌ
∗ ࡹ࡯ࡼࢌି

∗

ࡹ࡯ࡼࢌ
∗

50 37,680 12,240 76,196 347 383 91% 1.2%
75 55,680 18,240 113,396 781 843 93% 1.1%
100 73,680 24,240 150,596 1,237 1,428 87% 1.1%
125 30,240 91,680 187,796 2,413 2,346 103% 1.3%
150 10,680 36,240 224,996 3,942 3,638 108% 1.1%
175 127,680 42,240 262,196 3,989 5,212 77% 1.1%
200 145,680 48,240 299,396 4,803 7,170 67% 1.0%
૝૙૙ ૛ૡૢ, ૟ૡ૙ ૢ૟, ૛૝૙ ૞ૢ૟, ૢૢૠ ૠ, ૡૢૢ ૜૟, ૜ૠૡ ૛૛% ૚. ૙%
ૡ૙૙ ૞ૠૠ, ૟ૡ૙ ૚ૢ૛, ૛૝૙ ૚, ૚ૢ૛, ૚ૢૡ ૜૛, ૙૛ૡ ૛૝૛, ૠ૙૛ ૚૜% ૚. ૙%
૚૛૙૙ ૡ૟૞, ૟ૡ૙ ૛ૡૡ, ૛૝૙ ૚, ૠૡૠ, ૜ૢૢ ૟૞, ૝૞૟ ૝૝૟, ૡ૟૙ ૚૞% ૚. ૙%

࣮ ൌ 24,  ࣯ ൌ 10,  ࣝ ൌ 4

ࡹ࡮ࡼࡼ࢚ : execution time (sec.) Parallel Proximal Bundle Method (CPLEX mipgap=0.05)
+ feasibility recovery (CPLEX mipgap=0.01)

ࡹ࡯ࡼ࢚ : execution time (seconds) Perspective Cuts Method (CPLEX mipgap=0.05)

ࡹ࡮ࡼࡼ࢚ ⁄ࡹ࡯ࡼ࢚ : efficiency ratio 
ࡹ࡮ࡼࡼࢌ
∗ ࡹ࡯ࡼࢌି

∗

ࡹ࡯ࡼࢌ
∗ : discrepancy between the optimal objective function for PPBM and PCM.

(recall that CPLEX is unable to solve the smallest instance)
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Computational results: PPBM vs PC (1/2)
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 This work explore the potential of proximal bundle methods to solve large 
scale stochastic programming problems arising in electricity markets.

 Proximal bundle methods was used in this work to solve real instances of 
stochastic optimal generation bid problems with embedded unit 
commitment with thousands of scenarios.

 A parallel implementation of the proximal bundle method has been developed 
to take profit of the separability of the lagrangean problem in as many 
subproblems as generation bid units.

 The reported numerical results obtained with a workstation with 24 threads 
show that the commercial software can’t find a solution to the problem and 
that the execution times of the proposed PPBM are as low as a 13% of the 
execution time of the perspective cut approach for problems beyond 800 
scenarios. 

Conclusions
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Thank you very much for your attention!!
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