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FORMULATION OF THE �NNC� PROBLEM

�NNC�

�����������������������
����������������������

min f�x� ��a�

subj� a �

Ax � r ��b�

c�x� � Inzn � bn ��c�

Tx � Ilzl � bl ��d�

� � x � ux ��e�

� � zn � uzl ��f�

� � zl � uzn ��g�

��a� � Objective function� f � IRn
� IR � f � C�

��b� � Network equations� A � IRm��n � r � IRm

��c	�d� � Nonlinear and linear side constraints�

c� IRtn � IR � c � C� � bn � IRtn

T � IRtl��n � rang�T � � tl � b � IRtl

��e	�f	�g� � Arcs and slacks capacities�

x� ux � IRn

zn� uzn � IR
�t

n � In � IRtn��tn

zl� uzl � IR
�t

l � In � IRtl��tl
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THE PROJECTED LAGRANGIAN METHOD

Algorithm A	 
 Projected Lagrangian Algorithm for problem

�NNC�

� Select some starting values for x�� �� and ���

MAJOR ITERATION

Do While xk not optimal for �NNC�

� Linearize the nonlinear side constraints at xk


c�x� � ck�x�  c�xk� �rc�xk��x � xk� ���

�Minor iteration
 Solve the following Nonlinear Network �ow

problem with Linear side Constraints �NNLC�k


�NNLC�k

�����������������������
����������������������

min �k�x� ��a�

subj� a 


Ax  r ��b�

rc�xk�x � Inzn  bkn ��c�

Tx � Ilzl  bl ��d�

� � x � ux ��e�

� � zn � uzl ��f�

� � zl � uzn ��g�

where 


bkn  bn � c�xk� �rc�xk�xk

�k�x�  �k�x��k� � � �� �Merit function�

� Update xk� �k and �k�x� from �x��k and ����k�

� Set k 
 k � 	

End Do
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RELEVANT FACTS�

� Local convergence


� Robinson �	���� proved the q�quadratically local convergence of

the method� if the merit function and the iterates fxk��� �k��g are

taken as


�k�x�  f�x� � �k
��
c�x� � ck�x�

�
fxk��� �k��g 
 f�x��k� ����kg

� Computational implementations 


� MINOS �Murtagh � Saunders 	�����

� Their merit function is a modi�ed augmented Lagrangian

function �k�x�


�k�x�xk� �k� �k�  f�x���k
��
c�x��ck�x�

�
�
�k

�
kc�x��ck�x�k�

� E�cient solution of the �NNLC�ksubproblems


� NOXCB�� �Heredia and Nabona 	�����

� Active set method specialized through primal partitioning

techniques�
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FORMULATION OF THE PROBLEM �NNLC�k

�NNLC�

�������������
������������

min f�x� �
a�

subj� a � Ax � r �
b�

Tx� Izz � b �
c�

� � x � ux �
d�

� � z � uz �
e�

�
a� � Objective function�

f � IRn
� IR � f � C�

�
b� � Network equations

A � IRm��n � r � IRm

�
c� � Linear side constraints

T � IRt��n � rang�T � � t � b � IRt

�
d� � Arcs capacities

x� ux � IRn

�
e� � Bounds of the slacks

z� uz � IR
�t � Iz � IRt��t

��t � number of inequality side constraints�
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Solution procedure for the �NNLC� subproblem�

Algorithm A� 
 Active set method

Find an initial feasible solution x��

De�ne the basic B�� superbasic S� and nonbasic N �
� � N

�
u variables

associated to the current active set at x��

Compute Z�� g�z  Z��rf�x�� and the Lagrange multipliers of the

nonbasic variables ��
� and �u

��

Set k 
 �

Do

Relax some nonbasic variable from its active bound�

Update Bk� Sk� N k� Zk and gz
k�

Do While kgzk � �Gk

Compute a feasible descent direction 


Hz
kpz

k  �gzk � pk 
 Zkpz
k

Find the maximal step length
 ��  minf��B� ��Sg�

Linesearch
 ��k  argmin������ff�x
k � �pk�g�

Update the current solution
 xk�� 
 xk � ��kpk�

If ��k  �� then

Update Bk� Sk� N k

End If

Update Zk and gz
k�

k 
 k � 	

End Do

Compute the Lagrange multipliers estimates ��
k� �u

k�

Until ��
k � ��O and �uk � �O
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STRUCTURE OF THE PROBLEM �NNLC�

� Equality constraint matrix�

M 

�
�	

�nz
�� �tz
��
m

n
A �

t

n
T Iz


�� 

m s n�m� s

B S N

� Superbasic S� non�basic N and basic B matrices�

S 

sx sz

AS � m

TS IS t

� N 

jNxj jNzj

AN � m

TN IN t

B 

m cx cz

AA AC � m

TA TC IC t
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PRIMAL PARTITIONING

� Every basis of the �NNLC� problem may be placed in the

following form �Kennington and Helgason 	����


B 

m cx cz

AA AC � m

TA TC IC t

Key Non Key

���

where AA is a basis �spanning tree� of the network matrix

A

� The systems of equations Bv  w and v�B  w can be

computed solving


� Systems of equations with the matrix AA� which can be

computed e�ciently through network �ow techniques�

� Systems of equations with the general �dense� matrix Q �

Q  �TC IC �� TAA
��
A
�AC �� � IR

t�t

�working basis�
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COMPUTATIONS WITH THE BASIC MATRIX B

� Resolution of the linear system Bw  v 


w 

�
�	
wA

wC


�� B��

�
�	
vA

vT


�� 

�
�	
A��
A

�
vA � �AC ��Q

���vT � TAA
��
A
vA�

�

Q��
�
vT � TAA

��
A
vA
�


��

��a�



�
�	A

��
A
vA � ��C ��Q��

�
vT � TAA��A vA

�

Q��
�
vT � TAA

��
A
vA
�


�� ��b�

Where A��
A
AC  �C� is the matrix of the basic cycles of the

non�key arcs�

� Algorithm to compute Bw  v 


Algorithm A� 


w  B��v� without
�

C�

	 	�
F�X�
�� A��

A
vA

� 	� �� vT � TA	�

� wC �� Q��	�

� 	� �� vA � �AC ��wCx

� wA
F�X�
�� A��

A
	�

Algorithm A� 


w  B��v� with
�

C�

	 	�
F�X�
�� A��

A
vA

� 	� �� vT � TA	�

� wC �� Q��	�

� wA
A���

�� 	� ��CwCx
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Product w � Zv �

�
�������	

�B��S

I

�


��������
v

� Option A
 �rst 	A  �Sv and then w  B��	

Sv 

�
AS �

TS IS

� �
vx
vz

�


�
�	 ASvx

TSvx � ISvz


�� ���

Algorithm A� 
 �B���Sv�

	 	A �� �ASvx

� 	T �� �TSvx � ISvz

� wB
A�

�� B��	

� Option B
 to develop B��S�

wB 

�
�	wA
wC


��  �B��Sv 

�
�	��Svx � ��C ��Q

��
�
TA�Svx � TSvx � ISvz

�

Q��
�
TA�Svx � TSvx � ISvz

�

��

���
Algorithm A� 
 wB  Zv�

	 	�
A���

�� �Svx

� 	� �� TA	� � TSvx � ISvz

� �w�
Cx

w�
Cz
��� �Q��	�

� wA
A���

�� 	� ��CwCx
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OTHER IMPLEMENTATION ISSUES

� Linesearch 


� Bertsekas method �Bertsekas ���	�
� Toint � Tuyttens �����

�

� Bactracking linesearch with quadratic and cubic �t�

� Descent direction computation
 �Hzpz  �gz�x�

� �TNM� Truncated Newton Method �Dembo � Steihaug ���	
�

Toint � Tuyttens �����

�

� �QNM� Quasi�Newton method �Murtagh � Saunders ����	

�

� Working basis update �Q���k 
 cada cert nombre d�iteracions

� Product form of the inverse 


�Q���k 
Y

t�i��

Ei
r


 P � algorithm of Hellerman� Rarick 
 �Q���k  R
�Q

t�i��
�Ei
r

�
P


 Partial pivoting�

� LU factorization�


 Subroutines F�	BRF and F��AXF �NAG library��
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EIO�UPC problem tests

� 		� problemes �NNLC��

� DIMACS problems



 Random generators of linear network �ow problems �FL� 


Rmfgen �Goldfarb� Grigoriadis��

Grid�on�Torus �Goldberg��

Gridgen �Lee � Orlin��


 Addition of side constraints to the DIMACS problems
 Di�no�


 Objective functions 


Namur �Toint � Tuyttens��

EIO��

� Real Short termHydro�Thermal Coordination problems�

� Characteristics of the EIO�UPC test collection


� 	��� arcs� ��� nodes 	 ����� arcs and ���� nodes�

� Ratio � of side const�!  network equations� 
 	" 	 	��"

�  of nonzero elements of the S�C� 
 ����" 	 	�"

�  of superbasic variables at the optimal solution
 � 	 ����
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COMPUTATIONAL RESULTS
�summary�

� E�ciency of NOXCB�� vs� MINOS ���
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16.19%

26.67%

35.24%

13.33%

4.76% 3.81%

Tmi/Tno

minimum = 0.62

105 problems
average = 4.41

maximum = 39.65

fraction of the number of problems (%)

� Dependency of the e�ciency on the size of the problem


Maximal dimensions t
MI

�t
NO

Scale arcs nodes � S�C� Average Maximum Minimum

Large ����� ���� �	� 	��� ���
� ����

Medium ���� ��
 ��� ��� ����� ��


Small 	� �
� �� ���� ��� ���

� The e�ciency of NOXCB�� seems to increase with the dimension

of the �NNLC� problem�
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THIRD PART �
The use of the NOXCB�� library into a
projected Lagrangian methodology
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STRUCTURE OF THE IMPLEMENTATION

Algorithm A� � a NOXCB�� based Projected Lagrangian
method

Select some starting values for x�	 �� and ���

Set k �� �

Do

Linearize the nonlinear side constraints at xk�

Do

Solve �NNLC�kwith NOXCB�� and the merit
function k�x�xk� �k� �k�� This optimization
provides �x��k and ����k�

If �NNLC�kinfeasible then

Relax the RHS of the linearized n�s�c� bkn�

End If

Until �NNLC�kfeasible

Find new values of xk and �k from �x��k and ����k�

Update de penalty parameter �k	 if necessary�

Set k �� k � �

Until xk optimal for �NNC�

� Updates rules the update rules follows those suggested by Murtagh

� Saunders �	���� and implemented in MINOS�
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PROTOTYPE IMPLEMENTATION

� PLANNC 	 a projected Lagrangian NOXCB�� based
package to solve the �NNC� problem�

� Applied to solve the Short	Term Hydrothermal
Scheduling problem�
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PRELIMINARY COMPUTATIONAL RESULTS

Table I 
 characteristics of the �NNC� problems�

Problem Power system size �NNC� problem size

ident� Nr Nu Nm Nb Ni arcs nodes n�s�c� l�s�c�

A��x � � � � �� ��� ��� �� ��

B��x � � � � �� 		�� ��� �� ��

B��x � � � � �� ���� ��� �� 	��

Table II 
 Computational results�

Problem Major!Minor iter CPU �s� � millisec!iter�

ident� PLANNC MINOS PLANNC MINOS ratio PLANNC MINOS ratio

A��x ������ ������� ��� ��� ���� ���� ��� ���

B��x ������ ������� ��	 	��� ���� ���� ��� ���

B��x ������ 		������ ��� ���� ���� ���� ��� ���

� SUN UltraSparc �
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CONCLUSIONS

� A projected Lagrangian methodology for the �NNC�
problem has been proposed�

� This methodology explotes the network structure of the prob�
lem applying the NOXCB�� package to solve the linearized sub�
problems �NNLC�k� The e�ciency of this code has been proved
through extensive computational tests�

� A prototype implementation	 �PLANNC�	 of the proposed
specialized projected Lagrangian method	 has been imple�
mented and used to solve a limited set of �NNC� problems�

� The preliminary computational results seems to corroborate
the e�ciency of the method	 although more computational
evidence is needed� These results also reveals the posibility
of increasing the convergence rate with a more careful implemen�
tation�


